THE LEE YANG AND POLYA SCHUR PROGRAMS. III. 
ZERO-PRESERVERS ON BARGMANN FOCK SPACES 
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Abstract. We characterize linear operators preserving zero-restrictions on 
entire functions in weighted Bargmann-Fock spaces. The characterization ex- 
^^ ' tends the main results of [21 El |4] to the realm of entire functions, and translates 

into an optimal, albeit formal, Lee- Yang theorem. 
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1. Introduction 



> 

u 

(~| . The problem of describing linear operators preserving zero-restrictions on poly- 

nomials and transcendental entire functions has since the pioneering work of Her- 
mite, Laguerre, Jensen and Polya been revisited frequently, see e.g. [2 |3l [3 [71 [8] . 
Already in the seminal papers [6l [14] of Lee and Yang it was made evident that 
linear operators preserving zero restrictions play a prominent role in understanding 
phase transitions of spin models in statistical physics. The method of using such 
preservers was further developed by Lieb and Sokal [5] to prove a general Lee- Yang 
theorem. In a series of papers [2 |3l [4] joint with Borcea we have characterized 

QQ , linear operators on polynomials preserving the property of being non-vanishing 

whenever the variables are in prescribed open circular regions. This constitutes a 

r — [ , vast generalization of Polya and Schur's theorem p!Ol characterizing diagonal linear 

f^ ' operators on polynomials preserving real-rootedness. In this paper we extend the 

main results of [3J[S1I1] to weighted Bargmann-Fock spaces of entire functions. The 
extension makes the connection between the Polya-Schur and Lee- Yang programs 
truly transparent. Indeed, our characterization (Theorem 13. 1|) of Laguerre-Polya 

ij preservers translates directly into an optimal, albeit formal, Lee- Yang theorem 

rN ; (Theorem [11]). 



2. Laguerre-Polya preservers 

We say that a polynomial P{z) £ C[zi, . . . , 2;„] is stable if P{z) ^ whenever 
z G _ff" where H — {z E C : Im(z) > 0}, and that an entire function f{z) 
in n variables is in the complex Laguerre-Polya class, f{z) € .if-<!3^„(C), if / is 
the uniform limit on compact subsets of C" of stable polynomials. The (real) 
Laguerre-Polya class, ^-^n{^), consists of those functions in ^-^„(C) with 
real coefficients. Laguerre and Polya proved that a univariate entire function is in 
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the Laguerre-Polya class if and only if it may be expressed as 

f{z) = Cz^e"'-'''" [](1 + Xkz)e-^''\ (2.1) 



fc=i 



2 

fc 

The symbol of a linear operator T : C[zi, . . . , z„] — >■ C[zi, . . . , Zm] is the formal 



where C, a, Xfc e M for all k, and & > 0, a; e N U {oo}, n e N and J^k ^fc < °° 



power series 



GTiz,w)=T{e-n--= Y.T{-n-j. 



where a! = ai! • • • a„!, z" = 11"=! ^i"' ^'^d z • w = ziWi + • • • + z„Wn- We say that 
T preserves stability if T{P) is stable or identically zero whenever P is stable. The 
following characterizations of stability preservers was achieved in [3] . 

Theorem 2.1. Let T : C[zi, . . . , z„] — >■ C[zi, . . . , z^] he a linear operator. Then T 
preserves stability if and only if 

(1) The rank of T is at most one and T is of the form 

T{P) = a(F)g, 

where a : C[zi, . . . , z„] — )• C is a linear functional and Q is a stable polyno- 
mial, or 

(2) Gt{z, -w) e ^-^„+„(C), where -w = (-wi, . . . , -w„). 

Theorem 2.2. Let T : M[2:i, . . . , z„] — > R[zi, . . . , z^] 6e a linear operator. Then T 
preserves real stability if and only if 

(1) The rank of T is at most two and T is of the form 

T{P)^a{P)Q + (i{P)R, 

where a, /3 : M[zi, . . . , Zn] — >■ M are linear functionals and Q + iR is a stable 
polynomial, or 

(2) GT(^,w)€if-^„,+„(R), or 

(3) GT{z,-w)€^-^^m+nm- 

Since a real univariate polynomial is stable if and only if it has only real zeros, 
Theorem 12.21 characterizes real zero preservers when n = m — I. 

We want to extend linear stability preservers to act on entire fmrctions. More pre- 
cisely we want entire functions in the (complex) Laguerre-Polya class to be mapped 
on entire functions in the (complex) Laguerre-Polya class. To achieve this we should 
at least demand that stable polynomials should be mapped into J^-^^mi^). How- 
ever we shall see that this weakest requirement still allows us to extend the domain 
to classes of entire functions of bounded growth. Let IK[[zi, . . . , z„]], where K = M 
or C, be the space of all formal power series with coefficients in K. A K-linear 
operator T : K[zi, . . . , z„] -^ IK[[zi, . . . , Zm]] is a called Laguerre-Polya preserver if 

r(^-^„(K) n K[zi, . . . , Zn]) c jf-^,„(iK), 

that is, if stable polynomials are mapped into the (complex) Laguerre-Polya class. 
The symbol of a linear operator T : M^[zi, . . . , Zn] — >• IK[[zi, . . . , Zm]] is the formal 
power series 

GT{z,w)=Tie-n--^ E^(^")^- 
Theorems 12.11 and 12.11 extend naturally to this general setting. 
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Theorem 2.3. Let T : C[zi, . . . ,Zn] — > C[[zi, . . . , Zm]] be a linear operator. Then 
T is a Laguerre-Polya preserver if and only if 

(1) The rank of T is at most one and T is of the form 

T{P) = a{P)f, 

where a : C[zi, . . . , Zn] -^ C is a linear functional and f G ^-^„i(C), or 

(2) GT{z,-w)&^-^^+n{C). 

Lemma 2.4. Let f{z, w) be a formal power series in zi, . . . , Zm, Wi, . . . , Wn- Write 
f as 

f{z,w) = ^ aa{z)w°'. 

aGN" 

Then f £ ^-^,„+„(C) if and only if for each ^ G N" 

where 

(«.:^<.!n(f;)^ 

Proof. The lemma was proved in [3j Theorem 6.1] in the case when a^ is a polyno- 
mial for all a. However the lemma follows from the special case. By [3j Theorem 
6.1] 

f{z,w) e ^-^™+„(C) ^=^ A^e,3(,/) e ^-^„.+„(C) for ah 7 G N™,/3 G N" 
^^ A^(/) G ^-^„,+„(C) for all /3 G N". 

D 

Proof of Theorem\K^ For /? G N" let T^ : C[zi, . . . , z„] ^ C[zi, . . . , z„] be defined 
by Tp — A/3 o T. Clearly T has rank at most one if and only if Tfj has rank 
at most one for all /3 with mini<i<„ j3i sufficiently large. By Lemma 12.41 T is a 
Laguerre-Polya preserver if and only if Tj^ preserves stability for all j3 G N™. Since 
GTff{z,w) — Ap{Gt), where A^ acts on the z-variables, the theorem follows from 
Theorem 12.11 and Lemma 12.41 D 



The proof of the real version of Theorem 12.31 follows similarly, and is therefore 
omitted. 

Theorem 2.5. Let T : R[zi, . . . , z„] — > K[[zi, . . . , z.^]] be a linear operator. Then 
T is a Laguerre-Polya preserver if and only if 

(1) The rank of T is at most two and T is of the form 

T{P) = a{P),f + p[P)g, 

where a, /? : M.[zi, . . . , z„] —^ M are linear functionals and f+ig G ^-^m(C), 
or 

(2) GT{z,w)e^-^m+nm, or 

(3) GTiz,-w)€^-^^m+n{m- 
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Remark 2.6. If T : ]K[zi, . . . , z„] — > ]K[[zi, . . . , Zm\] is a linear operator we may define 
the formal adjoint, T"^ : K[zi, . . . , Zm] — > ]K[[zi, . . . , z„]], as the linear operator 
with symbol Gx#{z,w) = Gt{w,'z). Since {v,w) € H x {~H) if and only if 
{w, v) ^ H X {—H) we see that T is a Laguerre-Polya preserver if and only if T"^ is 
a Laguerre-Polya preserver (provided that T is of rank greater than one if IK = C, 
and greater than two if K = R). This duality can be seen as a vast generalization 
of a famous theorem due to Hermite, Jensen, Polya and Poulain: Let T be a formal 
differential operator with constant coefficients of the form T — g{d/dz) where g 
is a real formal power series. Then T preserves real-rootedness if and only if g S 
^-^i(R). The formal adjoint of T is the operator defined by T*{f) = g{z)f{z), 
and so T^ is a Laguerre-Polya preserver if and only if g G .5f-^i(R). 

In the next section we shall see that the formal adjoints considered here are 
actually proper adjoints in Hilbert spaces. 

3. Preservers on weighted Bargmann-Fock spaces 



A priori, the linear operators in Theorems 12.31 and 12.51 may only be applied to 
polynomials. However we shall see that the domain extends naturally to entire 
functions of bounded growth. We want to find conditions on Gt{z,w) that allow 
us to extend the domain to spaces of entire functions. It follows from [31 Theorem 
6.6] that for each / G ^-,^„(C) there are constants A,B>0 such that 

\f{z)\<Ae^''\ whenever I Zjl < rforaU 1 <j <r. (3.1) 

Hence functions in the Laguerre-Polya class are of order at most two and of bounded 
type. Lieb and Sokal [8] worked with certain Frechet spaces of entire functions, we 
find it more convenient to work with Hilbert spaces: For (3 g M" := (0, cjo)", define 
the fi-weighted Bargmann-Fock spaceu, J^p, to be the space of all entire functions 
/(z) = J2a£N^ ""^" such that 

II .||2 _ Y^ "' I |2 



/? 






13 



see [T]. One may also write 



11/11^ = l^ l/WPd^M^) --^^^^l^ l/WPexp U^/3,|z,pj dm 

where m is Lebesgue measure on C" = M^". By (|3.1I) we see that each / G 
-5f-<^n(C) is in ^p for some /3 G M" . To be more precise if the entire function 
/ is 0(exp (/3i|zi|V2 + • • • + /3„|z„|V2)), then f G ,^-y for aU 7 > /3 (by which 
we mean jj > /3j for all 1 < j < n). The space ^^ is a Hilbert space with inner 
product given by 

if, 9)0^ Y] ^Oafoa = / f{z)g{z)dapiz), 
and orthonormal basis 



aeN" 




Bargmann-Fock spaces have many names, usually a combination of Bargmann, Fischer, Fock 
and Segal. 
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It has a reproducing kernel given by e^(z, w) :— exp f X)7=i Pj^j^] j that is, 

f{w)^{f(z),e0{z,w))p, (3.2) 

for all / € ^p. In particular, by Cauchy-Schwartz inequality, 
I/HP ^ \{f{z),ep{z,w))p\^ < \\f\\}\\ep{z,w)\\l (3.3) 

<ll/ll^^^^/ exp(-VA(|z,|2~2|z,||u;,|))dm = C(K|,...,k '^"-"^ 



and hence convergence in || • ||^ implies uniform convergence on compact subsets 
of C". If a G R!p and /3 e K!;, let a ® /3 = (ai, . . . ,a„,/3i, . . . ,/3„), a^^ = 
{a^^ , • • ■ , am"'^), and if rt = m let a/? = (q;i/3i, . . . , «„/?„). 

Let Jf-^/3(C) = ^-^„(C) n .^p. The following theorem tells us to which 
weighted Bargmann-Fock spaces a Laguerre-Polya preserver may be extended. 
Theorem 13.11 (1) is sharp and the converse is given by the last sentence of The- 
orem [331 



Theorem 3.1. Let T : C[zi, . . . , Zn] — >■ C[[zi, . . . , z„]] be a linear operator of rank 
at least two. Then T is a Laguerre-Polya preserver if and only if Gt^z, —w) G 
if-^^e7(C) for some /3 G M^ and 7 e M'|. 
Moreover if Gt{z,~-w) G ^-^^©-^(C), then 

(1) T extends to a hounded linear operator T : ^a -^ ^{i of the form (|3.4p and 
(|3.5p for all a < 7^^, and 

(2) T : ^-^c«(C) -> i^-^^(C), /or all a < j-\ 



The real version of Theorem [3TT] is similar. In (1) below one may either consider 
T as the obvious complexification of T, or consider T as a linear operator on the 
real weighted Bargmann-Fock space. 

Theorem 3.2. Let T : M[zi, . . . , z„] — >■ ]R.[[2:i, . . . , z^]] be a linear operator of rank 
at least three. Then T is a Laguerre-Polya preserver if and only if Gt{z,w) G 
•^-■^/3e7(K) or Gt{z, -w) G if-^/3e^(R) for some /3 G M!p and 7 G W^. 
Moreover ifGT{z,±w) G ^-^^e..y(M), then 

(1) T extends to a bounded linear operator T : ^a ~^ --^p of the form p.4p and 
p.5p /or all a < 7~^, and 

(2) T : ^-^„(M) ^ ^-^f3{R), for all a < -f-\ 

Example 3.3. For n = 1 and K = M, Laguerre-Polya preservers are linear oper- 
ators that send polynomials with only real zeros into the Laguerre-Polya class. If 
the symbol of T is in ^pf^^, then T extends to all / as in (|2.ip with 26 < I/7. If 
T is a multiplier sequence, see [Sj [10] , then its symbol is of the form 



Gt{z, w) = Cz"u;"e±°^"' \{{l± Xjzw), 

where CgM, a>0, nGN, cjgNU {00}, Xj > for all j G N and J^j ^j < °°- 
Since 

ui / 00 \ N-1 

Ylil + Xj\z\\w\) <exp |z||u;| J^ ^J Yli^^ + ^MIM) 
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2a|z||u;| < -Iwp + a^slzP 



for all TV e N and 

...^ . 

for all s > 0, we see that Gt{z,w) G =^(,3,7) for all /3 > a^s and 7 > 1/s. Hence 
T : ^c ^ ^d whenever c > and d > a?c. 

Theorem 3.4. Let T : C[zi,...,z„] -^ C[[zi, . . . , Zm]] &e a linear operator such 
that Gt{z,w) € J^j3t^^. Then T defines a bounded operator T : ,^a, — > J^^ for all 
a < 7~"^.' 

|in/)ll;3<l|GT(;^,au;)||/3®o||/|U. (3.4) 

Moreover T has the integral representation 

T{f){z)= I f{w)GT[z,aw)da^{w). (3.5) 



Conversely if T : ^a -^ ^p is a hounded operator, then Gt{z,w) £ ^p®i f'^''" '^^^ 
7> a-^ 

Proof. Suppose that H[z, w) £ =^/3©q, and define a linear operator by 
T{f){z) = / f{w)H{z,w)da^{w). 



This is well defined since H{zo,w) € J^a for each zq € C", and then by Cauchy- 
Schwartz inequality 

|r(/)(z)|<||/|U||iJ(z,-)||a. (3.6) 

It follows from (l3^ that 



T{z^') ; — = GT{z,aw). 

77! 

By dSH) 

lin/)ll^ < 11/11^ / \\Hiz, -W^dapiz) = ||/||i||i/||^e. < 00. 

Hence T : ^a — ^ =^/3 is a bounded operator. 

To prove the first part of the theorem we want to determine when Gt{z, aw) e 
■^I3®a given that Gt{z,w) € =^/3e7- However GT{z,aw) S =^/3©q2^ which implies 
Gt^z^uw) £ ■^i3®a whenever a^7 < a from which the first part of the theorem 
follows. 

Conversely suppose that T : ^q, — ^ ^p is a bounded operator so that ||T(/)||^ < 
C||/||q, for all / € ,'^a and some C > 0. For each fixed w S C" define an entire 
function in z by H{z,w) = T{ea{z,w)). Now H{z,w) defines an entire function on 
C"+™ as can seen as follows. Let Ei.{z,w) = n?=i(f + ajZjWj/k)'^, then 

\\T{Ek{z,w))\\l<G'\\E,{z,w)\\l<C'\\E,{\z\,\w\)\\l 

< D exp -S^ ajQzjl"^ - 2\zj\\wj\) dm ^ K{\wi\, . . . ,\wn\) < 00. 

By (|3.3p T{Ek{z,w)) is locally bounded, so by Vitah's theorem T{Ek{z,w)) — > 
H{z,w) uniformly on compact subsets of C"+™. Hence H{z,w) — T{ea{z,w)) = 
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Gt{z, aw) is an entire function. Now let a' 3> a, then 

\\H{z,w)\\lg^^, = \\H{-,w)\\ldaa'{w)= \\T(ea{z,w))\\ldaa'{w) 

<C' f \K{z,w)\\lda^,iw) = C2||e„(z,Hlla®a' 

JC" 
n I 

^\ a' - aj 

Hence H{z,w) = Griz^aw) £ ^p®a' for all a' ^ a, from which the theorem 
follows. D 

Proof of Theorem \3.1\ By Theorems 12. II and 13. 4[ and p.ip it remain to prove (2). 
Let / = Et, a^z^ e if-^a(C), and let 

h{z) = Y. ^«7-^ 

where k = {k, . . . ,k) e N". By Lemma 12.41 fk is stable or identically zero for all 
k. Since (k)^/k^ < 1 for aU k and 7 and (k)^/k'>' ^ 1 as fc -J> cx) for all 7 e N" 
we have fk -> / in ^q. Since T is bounded r(/fc) — > r(/) in ^^, and hence 
r(/fc) ^ T(/) uniformly on compact subsets of C". Now T{fk) S ^-^/3(C) for 
all k since T is a Laguerrc-Polya preserver, and the theorem follows. D 

The operators in question are bounded, so the dual operator is well-defined and 
bounded. Since T : ^^ ^ -^p and T* : ^p ^ ^^ are related by {T[f),g)fi = 

(/,'?'*(5))a, wesee that 

Gt' (w, M = GT{v,aw), (3.7) 

by setting f{z) — ea{z,w) and g{z) = ep{z,v) and using p.2p . As in Remark [Z6l 
we obtain: 

Corollary 3.5. Let T : J^a —^ ■^p be a bounded linear operator of rank at least two 
(or at least three ifT is considered as acting on real entire functions) . Then T is a 
Laguerre-Polya preserver if and only if its dual T* : J^p — ^ J^a is a Laguerre-Polya 
preserver. 

Example 3.6. Let T be a differential operator with constant coefficient, T — 
g{d/dz), where d/dz — (d/dzi, . . . , d/dzn) and g is an entire function. For which 
7,/J G R" is T : ^^ -> ,j^^ a bounded operator? This was answered in [8j Proposi- 
tion 2.5], and we shall see how it may be derived from Theorem 13.41 

The symbol of T is g[w)e^-^ , and lle-^H^^^ = Y{%MVj/{P,V, - I)) < ^ if 
and only if /3 ^ l/r;. Hence if a e W] and 



Ma{g) ■■= sup 



exp|-^a,|z,|V2)|5W| 



< 00, 



then 

„z-w\\2 _ /^2 / \„t„,,\„ ( „,, TrrM2|„z-ii)|2, 



ll5He^-'"ll^®(,+a) = C' \ \a{w)e^i2{-^,w)\^e-^\'dafi^^{zM 



< 



C'MMr\\e'-n\mr, 



8 P. BRANDEN 

where C > is a constant. By Theorem 13.41 T : ^i/(,,+q) — > ,^i3 whenever 
/? ':$> l/rj. Hence T : ^^ -> ^p whenever 7 ^ 1/a and (3 ^ 7/(1 — ce'j), where 1 is 
the all ones vector. 

This is sharp by Theorem 13. 41 which can also be seen from the following example 
of Polya: Let g(z) = exp(az/2) and f{z) = exp(6z/2) where a,b > 0. Then 
Ma{g) < 00 if and only if a > a and / € ^j if and only if 7 > 6. Hence if a& < 1, 
then by the above, g{d/dz)f e .^p for any f3 > 6/(1 — ab). Now 

so that g{d/dz)f £ ^p if and only if /3 > 6/(1 - ab). 

4. Lee- Yang theorems 

The Lee- Yang theorem and its extensions assert that the Fourier-Laplace trans- 
form of Gibbs measures of various spin models are nonzero whenever all variables 
are in the open right half-plane, and they serve as important tools in the rigorous 
study of phase transitions in lattice spin systems (12^ . We follow the approach to 
the Lee- Yang theorem developed by Lieb and Sokal that uses linear operators 
preserving non-vanishing properties. For another successful method which uses 
Asano contractions we refer to [121 [E] and the references therein. 

Denote by ^-^„(C) the space of all entire functions in n variables that are 
uniform limits on compact subsets of C" of polynomials that are nonvanishing 
whenever all variables are in the open right half-plane of the complex plane. Thus 
/(zi, . . . , z„) e ^-^„(C) if and only if f{-izi, ..., -iz^) G if-^„(C). A mea- 
sure /i on M" is said to have the Lee-Yang property if its Fourier-Laplace transform 

ii{w) := [ e'-'^dniz) 

is an entire function in ^-^„(C). More generally a continuous linear functional 
4> : ^p —>■ C has the Lee- Yang property if the map cj) defined by w 1— >■ (j){e^'^) 
defines an entire function in ^-^„(C). It is natural to extend the definition to 
linear operators: A bounded linear operator T : ^a — ^ ^p has the Lee- Yang 
property if T(p/-«') = Gt{z,w) G if-^„+„,(C). 

Example 4.1. Here are a few basic examples of measures on R with the Lee- Yang 
property: 

(1) If ^ — {5a + 5b)l'2,, where 5a and 5b are the Dirac measures centered at 
a, 6 e M, then 

^, . f a + b \ ^ f a — b 

IJ,(z) — exp I — - — z I cosh 

Hence fj, : ^c ^ 'C has the Lee- Yang property for all c > and a -I- 6 > 0. 
Moreover if a and b are allowed to be non-real, then /i has the Lee- Yang 
property if and only if a — 6 S K and Re(a -I- 5) > 0. 

(2) If /i is Lebesgue measure on the interval [a, 5], then 

/i(z) = / e'^^dx = - exp I z j sinh I z 

Hence ji : ^c ^ 'C has the Lee- Yang property for all c > 0. 
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(3) If dfi{x) = e-'"'^/'^dx on M with 6 > 0, then 

Jm V 2o , 

Hence /i : ^q ^- C has the Lee- Yang property for aU a < b. 

The results developed in the previous sections apply (by a change of variables) 
to Lee-Yang preservers which we define to be linear operators T : C[zi, . . . , z„] -^ 
C[[zi, ..., Zm]] that map ^-^„(C) n C[zi, ..., z„] into if-^,„(C). For l3 e R^, 
let if-^/3(C) = ^-^„(C) n .^p. 

Theorem 4.2. Lef T : C[zi, . . . , 2;„] — >■ C[[2:i, . . . , 2:™]] be a linear operator of rank 
at least two. Then T is a Lee-Yang preserver if and only if T has the Lee-Yang 
property, that is, Gt{z, w) € Jif-Wp^-y{C) for some jS € M™ and 7 G K" . 
Moreover if Gt(,z,w) £ J£-'3/ p^^[^\ then 

(1) T extends to a bounded linear operator T : .^a — ^ --^p of the form p.4p and 
p.5p for all a < j^^ , and 

(2) T : ^-'3/o.[C) -^ ^-^^(C), for all a < 7-1. 

Corollary 4.3. Let T : ^q, — >■ ^^ 6e a bounded linear operator of rank at least 
two. Then T is a Lee-Yang preserver if and only if its dual T* : .^p — >■ .^^ is a 
Lee-Yang preserver. 



Remark 4.4. If T : J^a ^ ^/3 is a bounded linear operator, 2^,...,z^ are new 
variables and 7 G M']i, then T extends to a bounded linear operator T : ^a®-^ -^ 
^p®i by setting T{f{z, z'j) = T{f{z, z')) and where T only acts on the z-variables. 
Note also that the symbol off" is e^ "' r(e^™) so that T has the Lee- Yang property 
if and only if T has the Lee- Yang property. 

The next theorem shows that bounded linear operators with the Lee- Yang prop- 
erty are closed under composition. This can be seen as an ultimate generalization 
of [SI Proposition 2.9] and serves as a fundamental tool to prove Lee- Yang theorems 
for one-component models. 

Theorem 4.5. Suppose that T : ^^ —> -^p and S : ^p — >■ ^-^ have the Lee- Yang 
property. Then so does S o T : .^^ — > ^^ . 

In particular, if (j) : .^p — >■ C and T : ,^a, — > ^p have the Lee-Yang property, 
then (j) o T : ,^a ~^ C has the Lee-Yang property. 

Proof. The symbol of S" o T is S{Gt{z,w)), where S : ^p®K, — >■ =^7©^ is as in 
Remark [44l Now Gt{z,w) G ^-^^©k for all k > a"^ By Theorem l42l and 
Remark l44l 5 is a Lee- Yang preserver and thus S oT = S{Gt{z,w)) £ ^-^^©k- 

D 

The following corollary is an equivalent formulation of the most general (formal) 
one component Lee- Yang theorem in [5] from which many others follow. 

Corollary 4.6. Suppose that : ^p — > C has the Lee-Yang property. If a,P,^ G 
R" satisfy a -f- 7 < /3, and g G ^-^„(C) satisfies Ma{g) < 00, then ip : ^j -^ C 
defined by ip{f) — (j^ifg) has the Lee- Yang property. 
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Proof. Clearly the operator T(/) = fg is a Lee- Yang preserver. By Theorem 14.5 
it remains to prove that T : J^-y — > .^a+y is a bounded operator. If / G -^^ and 
Ma{g) < oo, then 

n „ 

||ff/||^+^ = 11(1 + a,/7,) / \giz)e^/2{-z,z)\^\f{z)\'da^iz) 

n 






D 



Since e'^l'^^e^l € if-^2(C), we see that ej(z) = exp(X;"j=i Jji^jZ^) € ^-^„(C) 
for all matrices J such that Jy > for all j. The original Lee- Yang theorem [6] 
states that measures of the type 

dfi = ej{z)dfj,i{zi) ■ ■ ■ d^iniZn) 

where fii, . . . , fin are measures on ]R as in Example 4.1 (1) with a =^ —b = 1 and J 
is a (entry-wise) nonnegative symmetric matrix. Clearly the direct product of two 
measures with the Lee- Yang property has the Lee- Yang property, so the original 
Lee- Yang theorem follows from Corollary 14.61 

Newman's Lee- Yang theorem [jOj asserts (in our language) that 

dfl = ej{z)dfJ,i{zi) ■ ■ ■ dfiniZn) 

has the Lee- Yang property whenever /ii , . . . , /i„ are even measures on M with the 
Lee- Yang property and J is a nonnegative symmetric matrix such that fl £ .^p for 
some (3 G M" . Hence Newman's theorem also follows from CoroUarv 14.61 
The Lee- Yang theorem of Lieb and Sokal [H Theorem 3.2] asserts that 

dfi = ej{z)dfj,o 

has the Lee- Yang property whenever /iq has the Lee- Yang property, J is a nonneg- 
ative symmetric matrix, and /t G ^^ for some (3 G M". Hence this theorem also 
follows from Corollary [ 



Remark 4.7. To apply Newman's or Lieb and Sokal's theorem one needs to know 
for which symmetric matrices A with nonnegative entries exp ( J^i ,■ AijZiZj 1 G ^p^ 
so that one can use CoroUarv 14.61 This happens if and only if 



^Aij\z,\\zj\ < '^ai\zi\ 



1,3 « 

for some a ^ /3/2, that is, if and only if \\Da ADa |1 < 1 for some a ^ /3/2, 
where || • || denotes the operator norm and Da = diag(ai, . . . ,a„) is a diagonal 
matrix. 

5. An open problem 

We end by generalizing an important open problem from [S]. Let T C M" be an 
open convex cone, and let ^„(r) be the set of polynomials in n variables that are 
non- vanishing whenever the real parts of the variables are in F. 
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Problem 5.1. Let T C K." and A C M™ be be two open convex cones. Charac- 
terize all linear operators T : C[zi, . . . , Zn] — > C[zi, . . . , Zm] such that T(^„(r)) C 
^™(A)U{0}. 



When r = M^. and A = M^*, Problem O is just Theorem O (by a rotation of 
the variables). A solution to Problem 15. II would entail optimal Lee- Yang theorems 
for iV-component models when A^ > 3, see [8j Section 5] where partial results on 
Problem 15. II for differential operators in the Weyl- algebra were obtained. Progress 
on Problem 15.11 would also be interesting for the convex optimization community, 
see e.g. [11], since a homogeneous polynomial P is in >^„(r) if and only if P is 
hyperbolic with hyperbolicity cone containing F. Thus Problem 15.11 asks how one 
may deform a hyperbolic polynomial and retain hyperbolicity. 
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